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Introduction
Let F be a totally real number field of degree n over Q with O F as the ring of integers. Suppose F ∞ is the Z p -extension of F . In 1970, Mazur noticed that p-Selmer group Sel p (E/Q ∞ ) of an elliptic curve E defined over Q is Λ-cotorsion where Λ = Z p [[Gal(Q ∞ /Q)]]. Then he in [11] formulated the Iwasawa main conjecture for elliptic curve defined over Q in the cyclotomic direction when p is a good ordinary prime. This conjecture claims that characteristic ideal of Sel p (E/Q ∞ ) is generated by Mazur and Swinnerton-Dyer p-adic L-function defined in [10] or [12] . However, when p is a supersingular prime, Sel p (E/Q ∞ ) is not Λ-cotorsion anymore. Especially, when a p (E) = 1 + p − E(F p ) = 0, Pollack in [15] constructed plus/minus p-adic L-functions of E such that
where L ± p (E, T ) ∈ Λ, and α is one root of the Hecke polynomial of E at p. The p-adic L-function L p (E, α, T ) actually has infinite many zeros, so it does not lie in Λ, while log p (E, T ) in the sense of Iwasawa main conjecture. Progress in proving Iwasawa main conjecture for E when a p (E) = 0 has been made by Kobayashi himself (see [8] ), and in CM case by Pollack and Rubin (see [16] ).
Later, Kim, Park and Zhang hoped to generalize this idea. In [7] , they actually tried to prove the analogous plus/minus Iwasawa main conjecture for supersingular elliptic curve E/L with CM by an imaginary quadratic field K , where L is an abelian extension of K . In this case, p-adic L-function of E should be the product of two p-adic L-functions of Hilbert CM forms. In their paper, they added some restrictions on E and on L so that they could avoid using the theory of p-adic L-functions of Hilbert modular forms since such a theory was not quite complete then.
The theory about p-adic L-functions of automorphic forms on reductive groups was intensively studied using different ways by many mathematicians, such as Manin (see [9] ), Katz (see [6] ), and Hida (see [5] ) in ordinary case, and Višik (see [21] ) in non-ordinary case. In [13] and [2] (also refer to [14] ), Panchishkin and Dąbrowski studied p-adic L-function of Hilbert modular forms f . In [2] , Dąbrowski constructed p-adic L-function of Hilbert modular form using Rankin-Selberg convolution, though it seems that some of the theorems there missed complete proofs. In Theorem 2 in [2] , he proved a growth condition of the p-adic L-function of Hilbert modular form which is not as strong as conjectured. I will reformulate some of the results and give new proofs. In Section 3, or specifically Theorem 3.10, I am going to show that the p-adic L-function of f is the non-archimedean Mellin transform of an h-admissible measure where h is given by the difference of the Newton polygon and
We can consider the restriction of L p,μ f to the set of p-adic cyclotomic characters, and consider the analytic properties of this one variable function L p,μ f . I will prove the result about the infinitude of zeros of L p,μ f . When the Fourier coefficient of f is zero at certain prime p of F which is above the prime number p, plus/minus p-adic L-functions can be constructed in the spirit of Pollack. And they both have bounded coefficients, thus finitely many zeros. If the elliptic curve E over F is modular, it corresponds to a Hilbert modular form of parallel weight 2. So p-adic L-functions of E is a special case of L p,μ f . Thus plus/minus p-adic L-function of elliptic curve E/F when a p (E) = 0 for p|p can be obtained. They will be used to make the Iwasawa main conjecture of supersingular elliptic curve E/F .
The setup of this paper is as follows. In Section 2, I review relevant topics in Hilbert modular form and Rankin-Selberg convolution. In Section 3, following the method of Panchishkin, I discuss the construction of h-admissible measure using distribution theory so that the non-archimedean Mellin transform of the h-admissible measure is the p-adic L-function of Hilbert modular form. Considering the p-adic L-function of Hilbert modular form as a function with the cyclotomic variable, I study the infinitude of its zeros in Section 4 and define plus/minus p-adic L-functions. The application of the theory to elliptic curves is discussed in Section 5.
L-functions of Hilbert modular forms and Rankin convolutions
Denote by D F the discriminant of a totally real number field F , so
be the set of all the embeddings of F into R.
n is called a weight vector. We always assume k i 2 for any i,
Using the notations in [19] , for an integral ideal c ∈ O F and a finite order Hecke character ψ of F , let M k (c, ψ) denote the space of weight k adelic Hilbert modular form of holomorphic type with level c and character ψ . At the same time, Hilbert modular forms as holomorphic functions on H n (n tuples of upper half plane) with respect to a congruence subgroup Γ of G A can also be defined.
The relations can be described as
where r is the number of the narrow ideal class group of F and we can choose {t 1 , . . . , t r } as a set of representatives. Γ t i 's are certain congruence subgroups corresponding to t i 's whose definitions are omitted here. One can refer to [19] 
Notice that the isomorphism (1) can be extended to the space of C ∞ Hilbert modular forms.
where a i (ξ ) ∈ C, and ξ runs over 0 and all the totally positive elements in t i . For f ∈ M k (c, ψ), we have the following expansion: 
be the subspace of cusp forms. The Peterson inner product is defined for 
and
where the sum is taken over a set of equivalence classes of (c,
where 1 is the element in Z n each component of which is 1, and
About the relation of L v κ and K v κ , we have:
where τ (ω) is the Gauss sum of ω.
Notice that the map (1) 
Take eigenforms f ∈ S k (c, ψ) and g ∈ M l (c , φ).
The normalized zeta function associated to them is defined as
where 
where f ρ is a well-defined element in S k (c, ψ −1 ), and
The following theorem due to Shimura is the key point in the proof of the rationality of the critical
when m is an integer and satisfies
I quote the theorem here and it is going to be used later when constructing the Q-valued admissible measure.
Theorem 2.3. (See [19].) Let f and g be elements of M k (c, ψ). Suppose that k = (1, . . . , 1), and f is a primitive cusp form. Then
) is the field generated over Q by the Fourier coefficients of f and g.
is closed related to the zeta function of two Hilbert modular forms in the following way. Let χ , η be finite order Hecke characters of conductors a and b so that c is the least common multiple of a and b. Let the parities of χ and η be respectively p, q ∈ Z
For the proof of the above claim, one can refer to Proposition 3.4 in [19] . About the Rankin convolution of f and g l (χ , η), we have:
Construction of h-admissible measure

Distributions attached to Hilbert modular forms
In next section, we need to construct an admissible measure μ( f ) associated to the Hilbert modular form f whose non-archimedean Mellin transform gives the critical values of the L-function L( f , χ , s) for a finite order Hecke character χ . Such a measure is obtained using Rankin-Selberg convolution discussed in the previous section and the theory of distribution that I am going to discuss here.
Let p be a prime number, and m o = p|p p for the prime ideal p of F . For any ideal n of F , define
Denote by F p,∞ the maximal abelian extension of F unramified outside ∞ and S(p).
. By class field theory, Gal p can be described as the projective limit:
H(m), where H(m) = I(m)/P (m).
Here, m is any integral ideal of F satisfying S(m) ⊂ S(p). I(m) is the group of fractional ideals prime to m. And 
Also we have the following natural homomorphism N(
where Q ab p,∞ is the maximal abelian extension of Q ramified at p and ∞. 
and μ satisfies the compatibility condition:
for m |m.
Let me first define some notations before constructing the complex valued distributions for each (14) does not depend on the choice of m with m |m. This gives a convenient way to check the compatibility condition. Thus we have 
Hence, μ r,m (χ m ) does not depend on the choice of m. 2 I want to clarify that in the rest of this paper, l(r) and l represent the same number. If I particularly want to emphasize that l is determined by r, I will use l(r).
Lemma 3.3. As to the action of J
Proof. Use the definition of g l(r) (χ , η) ( (11), (12) 
where
Proof. The calculation here is similar to that of Proposition 3.5 in [13] , once we notice for a prime [19] ) cannot be directly used here, because f and χ have different levels. The idea is to consider the integral representation of Rankin type (refer to (8)):
The subindex cmn is to emphasize that it is an inner product of two forms of level cmn.
First we apply trace operator Tr cmn cm o (refer to [4] ) to V (s) to lower the level to cm o , so that
, we have:
Proof. It is straightforward using the facts that 
Next, Fourier expansion of Hol(V (s)| J cmn U (mnm −1 o )) will be explicitly given. Define the normal-
It is easy to see that
is defined over Q. Apply the above discussion to μ r,m whose expression can be found in Proposition 3. 
\S(c(χ ))
A p f , χ,
Growth condition of the admissible measures
The distributions μ r 's defined in the above section is not bounded but can actually give an 
According to Amice and Vélu (see [1] ) and Višik (see [21] ), such h-admissible measure μ can be extended to a linear form on X p given by the non-archimedean Mellin transform of μ:
To verify that the h-admissible measure can be induced from μ r 's, we need to check the growth condition and find the value of h. Define a linear form 
Proof. One may notice that in Theorem 2 of [2] , a weaker growth condition was obtained using Atkin-Lehner theory about which one can refer to [2] or [13] . The same method can be well applied
Then L(Φ) can be written as finite sum 
Notice that
Then the only thing left is to check the valuation at p of the Fourier coefficient of Φ χ m the expression of which is given in Proposition 3.7. Use the lemma in p. 1037 of [2] and notice the factor α ko −k 
is an element in the ideal generated by α(m) − For such a linear form μ, the non-archimedean Mellin transform denoted by L p,μ satisfies the following theorem: 
where Ω( , f ) is a constant depending only on and f for = (−1) m (χ ).
(
Remark 3.12. (i) It is easy to see from Corollary 3.8 that
where sign of η is exactly . The fact that there exists a character η such that L( f , η,
) is due to [17] .
(ii) Not strictly speaking, L p,μ is a function of two variables: χ and m. 
for f ρ the complex conjugate of f by taking Fourier coefficients of f to complex conjugate. Then from this we can derive the functional equation of L p,μ .
Theorem 3.13. L p,μ (x)
, where μ ρ is the admissible measure associated to f ρ .
Analytic properties of p-adic L-functions
Infinitude of zeros of the p-adic L-function
Recall that when we construct h-admissible measure which leads to L p,μ , we use the p- (notice such a p-adic L-function normally comes from an h-admissible measure with different value of h from the one in Theorem 3.11), we will get such an interpolation result: for a nonnegative integer δ from the conjecture by Leopoldt. When F is an abelian extension of Q, it has been proved that δ = 0. Recently, Preda Mihȃilescu claimed that he proved δ = 0 for all number fields. But we don't assume this in the paper.
For L a finite extension of Q p , define Let Q ∞ be the Z p -cyclotomic extension of Q. And let Q n be the subfield of Q ∞ so that Gal(Q n /Q) = Z/p n Z for any positive integer n. Then F ∞ = Q ∞ F is the only Z p -cyclotomic extension of F . Also define F n := Q n F . Consider the set of particular characters in X tors p :
The first arrow is the restriction of the Galois action to F ∞ , and the second arrow defines a character χ u , so that for a topological generator γ of Z p , χ u (γ ) = u where u satisfies |u − 1| p < 1. This makes sure that χ u is continuous.
The set of characters {χ u • Res | |u − 1| p < 1} is an open unit disc in C p . Let me denote it by X p,cyc . Consider L p,μ restricted to X p,cyc and take 
When f is ordinary or nearly ordinary at p,
has bounded coefficients which implies that it has only finite many zeros in X p,cyc by the above lemma.
If f is supersigular at p, we divide this into two cases. The first case is the most supersingular case. That is when there exists at least one place p|p, such that c(p, f ) = 0. This will be discussed in the next section, and we will see that L p,μ (·N(x p ) m ) does have infinite zeros. The second case is that none of the p|p satisfies c(p, f ) (·N(x p ) m ) has only finite many zeros and at the same time, one of L
m ) also has only finite many zeros. Then by the Weierstrass preparation theorem, let
where the P i are distinguished polynomials of degree d i and the U i are unit power series. Evaluate 
where e i is the ramification index of p i over p. Take the valuations on both sides: 
Plus/minus p-adic L-function of Hilbert modular forms
Following the above section, let us study the case when there exists at least one place p|p, such that c(p, f ) = 0. Recall that in Theorem 3.11, it said that only when h k o − 1, the p-adic L-function is uniquely determined by the interpolation conditions. But it is easy to check that if c(p, f ) = 0, we always have h k o − 1. So I will assume h = k o − 1 throughout this section. Without lose of generality, let me assume c(p 1 , f ) = 0, then the two roots of the Hecke polynomial at p 1 only differ by a negative sign. One will see that if we have more than one place p|p such that c(p, f ) = 0, this does not make much difference. As ord p α( 
has unbounded coefficients, so it also has infinite many zeros. 2
To construct plus and minus p-adic L-functions, let us first define log 
where γ is the topological generator of Z p . The zeros of log 
(T ).
They both lie in A 1 (Q p ) and log
2 . In [15] , functional equations of log 
Using definitions of log
, it is not hard to verify the above equation. So I will skip the proof of this proposition here. Let 
Theorem 4.5. There exist two power series L
Proof. Similar to the proof in Theorem 4.
Notice that all the zeros of log
2 ), this forces G + and G − to be so too. Then because 
Corollary 4.6 (Functional equation of L
where c ∈ Z p is such that γ c generates N(c).
, and 
Application to elliptic curves
Assume that F has narrow class number one. Let E be an elliptic curve over F . The conductor of E
and a p (E) = 0 (resp. 1, −1) if E has additive (resp. split, non-split multiplicative) reduction at p. The definition of a p (E) can be extended to all integral ideals through the equality of Dirichlet series:
where ν is any integral ideal of F .
Shimura-Taniyama conjecture predicts the modularity of elliptic curves. The idea of Wiles is generalized to give proofs of many special cases of this conjecture on elliptic curves defined over totally real fields. Let me quote a theorem by Skinner and Wiles (see [3] ): In the following, I will formulate the Iwasawa main conjecture for the supersingular elliptic curve defined over totally real field using plus/minus p-adic L-function of Hilbert modular form. Again let F ∞ be the cyclotomic Z p -extension with nth layer F n . Let E be a modular elliptic curve defined over F which corresponds to the Hilbert modular form f . When p is prime to the conductor of E, and a p (E) = 0 for each prime p of F above p, we can define L ± p (E, ·) to be L ± p ( f , ·) which interpolates L(E, χ n , 1) for all n in the sense of Corollary 4.7, where χ n is the cyclotomic character of F n . We can generalize Kobayashi's definition of plus/minus Selmer group (see [8] ) in this case. It is possible to derive one divisibility of this conjecture following [8] . But in general it will be very hard to obtain a complete proof. In the rest of the section, let us consider a special case in which much progress is expected to be made. Let E be an elliptic curve defined over ). So we have
L( f φ , s) = L(E, s).
Choose p which is inert for K /Q. Then the field extension L/F is inert at every prime p of F above p. Consequently, a p (E) = 0 for each of these p's. When F = Q, the conjecture has been proved by Pollack and Rubin (see [16] ). Then in [7] , they consider more general case of this conjecture, and they can prove this conjecture with certain restrictions on φ and F so that they do not need to use padic L-function of supersingular Hilbert modular forms. I believe with the theory of p-adic L-function of supersingular Hilbert modular forms introduced in this paper, one can apply the discussions in [7] and give a proof of the above conjecture in the near future.
